1. Salem and Zygmund [5] , by use of an appropriate Taylor series with gaps, proved that there exists a function, f(z), which is holomorphic in |z| <1, continuous in |z| ^1, and such that the curve w=f(e"), 0^t<2ir, fills some square. Using a different type of series, Piranian, Titus, and Young [4] gave a very simple example which shows also that the curve w=f(eu) can be exactly a square. The circumference \z\ =1 is a natural boundary for the functions of Salem and Zygmund, whereas the singularities on \z\ =1 of the function of Piranian, Titus, and Young may have measure zero. Using gap series, Schaeffer 6] has shown that/(e*') can assume every value assumed by/(z) in z| <1. All of these proofs are essentially arithmetical, and one is led to wonder just what may be the geometry of such a startling map w=f(z). The purpose of the present note is to prove a similar theorem by constructing a suitable Riemann surface onto which \z\ <1 is mapped by w=f(z). In this construction it is easy to see precisely what the corresponding Peano curve is. The resulting curve differs from the usual examples of Peano curves in that it is, in a sense, made up of linear segments.
Using this method of obtaining the desired function by first constructing a suitable Riemann surface, Ohtsuka [7] has recently proved the following theorem.1 There exists a function w = F(z), bounded and analytic in |z[ <1, such that F(eil) =lim,^i F(reu) has modulus 1 for almost all e" on |z| =1, and such that, for each c with \c\ _T, the equation F(eil) =c is satisfied on an uncountable set of e" on \z\ =1. The primary difference between Ohtsuka's theorem and Theorems 1 and 2 below (for the case where D is the unit circle) is in the choice of the condition added to the condition that F(e") fill a domain. Namely, either | F(eu) | = 1 for almost all /, or F(z) is continuous in \z\ _T. The noncountable aspect of Ohtsuka's function is similar to properties of the function of Salem and Zygmund. [August Theorem 1. Let Dbea domain in the w-plane with the property: there exists f(z), holomorphic in \z\ <1, continuous in \z\ SI, such that the range of values of f(z), \z\ <1, is exactly D.
Then there exists F(z), holomorphic in \z\ <1, continuous in \z\ SI, such that 1° The range of F(z), \z\ <1, is exactly D. 2° The range of F(eu), 0^t<2ir, is exactly D~.
Here D~ denotes the closure of D. The hypothesis on D is satisfied, for instance, if D is a bounded domain bounded by a finite number of disjoint Jordan curves. Namely, f(z) may be taken as a function mapping |z| <1 onto a simply-connected covering of D which covers D slightly more than once.
The image of |z| SI by w=f(z) is compact and hence is D~. Suppose that %=<i>(z) has the properties: <j>(z) is holomorphic in |z| <1, continuous in |z| SI, and the range of 0(z), |z| <1, is the square Q: |£| <1, \i)\ <1, (f =£+«/), while the range of <f>(eil) is Q~.
Then if Z = g(f) maps Q 1-1 and conformally onto |z| <1, the function w = F(z) =f(g(<p(z))) clearly has the properties stated in Theorem 1. Thus it will be sufficient to prove Theorem 1 for D the square |«|<i, M<i.
Let Di, D2, D3, D\, denote the open quarter squares of D, Dt in the ith quadrant. Let £>,-,, denote that open quarter square of Di which is situated, relative to Di, as Dj is, relative to D. And so on. We shall construct a Riemann surface S, using each square D, Dti,tt,-,t9, 1 S£, just once. These squares are all disjoint to start with. The square D is first supplied with four linear cuts running from l/2+i/2, -1/2 -M/2, -1/2-1/2, and 1/2-i/2 to 1/2+i, -1/2+i, -1/2-*, and 1/2-i respectively. The four squares Dj, 1 SJS4, are supplied with corresponding cuts (one each) and attached to D along these cuts. This process is now iterated: each Di is supplied with four cuts, similar to the four in D, each cut running vertically from the center of one quarter of Di, and the four squares Di,j, 1 Sj S4, are attached to Di along these cuts. The remaining squares are connected in an analogous fashion. This Riemann surface S clearly has the properties:
(a) S is simply-connected and hyperbolic. completely cover all points of the square \u\ SI, |»| S1 for which one License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use i955l PEANO CURVES ASSOCIATED WITH SOME CONFORMAL MAPS 627 coordinate is a dyadic rational. We have used the term partial border since S also has a continuum of ideal boundary points. Let w=<b(z) map \z\ <1 1-1 and conformally onto S. This is possible because of (a). By virtue of (b), the range of (j>(z), \z\ <1, is exactly the open square |w| <1, \v\ <1.
By means of Caratheodory's theorem on boundary correspondence it follows readily that each segment of the partial border corresponds 1-1 and continuously with an arc of \z\ =1. This correspondence is analytic at interior points of each segment. Assuming for the moment that <b(z) may be extended continuously throughout \z\ = 1, it follows from (c) that the range of <j>(eu), 0 ^t <2x, is dense in the unit square and, being compact, must be the complete closed square |m| -1, \v\ =1.
To complete the proof we must show that <b(z) may be continuously extended throughout \z\ ^1. The cut along which £>,,,...,«,,*,+l is attached to ■£>,,,...,," corresponds to a simple cross-cut, Ci1,...,ir+1 of \z\ <1 under the map w=<b(z). On S the two ends of this cut are interior points of segments of the border of S. Thus <p(z) is holomorphic at the corresponding points of \z\ =1 and the cross-cuts C end at definite points of \z\ -1. No two of these cross-cuts have points in common or end at a common point.
From the structure of S it is clear that the cross-cuts C are arranged as follows. The four cuts Cj, l^j'^4, split \z\ <1 into five domains, one of which, E, corresponds to D. The boundary of E contains all four Cj. The four remaining domains, each of which has just one Cj on its boundary, correspond to the four parts of S hung onto D. Inside that domain containing Cj on its boundary lie four crosscuts ending on \z\ -1 and not separating each other, namely Cj,k, 1 ^£^4. And so on. If Etlf...,i9 is the domain in \z\ <1 corresponding to Diu...,ir then every point z0 on \z\ =1 falls into exactly one of the two categories:
(A) z0 is a boundary point of some Eiu...,i . (B) There exists an infinite sequence iq, g = l, such that each Cilt...,iq separates zo iron\E.
In case (A), z0 corresponds to a point of the linear border of S and therefore <p(z) is continuous at Zo.
In case (B), let Giu...,it denote that one of the two domains in \z\ <1 determined by Ctt,...,it which possesses Zo as a boundary point. Since the ends of all cross-cuts C are distinct, G is uniquely determined and (1) {|*-*o| <e}n{|*| <1| CGit.<" «<€,($). Now G,"...,,-" corresponds to a part of 5 which lies over a square of side 2_«+1 and hence the oscillation of <p(z) in Gilf....it is 2~e+3/2. Thus it follows from (1) and the Cauchy criterion that <f>(z) may be defined continuously at Zo. This completes the proof of Theorem 1.
For this function <f>(z) we now prove
Theorem 2. The singularities of <p(z) on \z\ =1 constitute a set of measure zero.
These singularities are of two types: (1) a countable set of points corresponding to the corners of all the squares in S, at each of which <b(z) has an algebraic singularity (branch point of order one), and (2) points Zo of type (B) above, which are nonalgebraic singularities of <f>(z). The singularities of type (1) have measure zero, and so we examine the set, 2, of points of type (B).
Let Sn consist of that part of 5 made up of squares D, Di, • • • , D'i.•••.•»' ie-> aU squares with no more than ra subscripts. The last (smallest) squares of Sn are already supplied with the cuts along which the rest of S is attached. Let the totality of these 4n+1 cuts be denoted by 7"+i; Yn+i is part of the boundary of 5". Let the rest of the boundary of Sn be 7»+i-Under w=<j>(z), Sn corresponds to a subdomain Hn of |z| <1 which is bounded by (1) r"+i, consisting of all cross-cuts Ciu...,t,,+V which corresponds to Yn+i, and (2) T'n+i, various arcs of |z| =1, corresponding to y'n+i.
Let w(z) be the harmonic measure, in |z| <1, of the closed set 2. Let m"(z) be the harmonic measure, in Hn, of r"+i. Since 2 is contained in the complement of T'n+i with respect to |z| =1, «(z) <un(z) in Hn. We shall prove that un(z)->0 as ra-* °°. It will then follow that w(z) =0 and hence 2 is of measure zero. It is sufficient to show that ra"->0 at one fixed point, which we take to be the origin. We may assume that the map <p is normalized so that z = 0 corresponds to w = 0 in D.
To prove that w"->0 we revert to S", where w" corresponds to the harmonic measure £/", in Sn, of 7"+i. Consider the two-sheeted surface R made up of any one of the smallest squares in Sn and that quarter, which lies directly underneath, of the next larger square to which the first is attached.
On R, Un is dominated by Vn, the harmonic function on R with the boundary values 1 on the four arcs of 7"+1 on the boundary of R, 1 on the two segments where one of the two sheets of R was cut from a larger square, and zero elsewhere on the boundary of R. Since the single arc of y" which is contained in R ends at points of the boundary of R at which F»=0, it follows that Vn S 8 < 1 on this arc of yn. Thus U" < Vn S 5 < 1 on 7.. What we have proved here may also be stated as follows: the ideal boundary of S, as distinct from the partial border, is of harmonic measure zero.
The curve <f>(eu) differs somewhat from the usual examples of
Peano curves. The use of the squares in our construction calls to mind Hilbert's [3 ] example of a Peano curve. In Hilbert's example the approximating curves are free of double points and the final curve has nothing worse than quadruple points. As indicated by Hilbert, his construction may be altered slightly so that the curve has nothing worse than triple points. As proved by Hahn [2] , the triple-or-worse points of such a curve must be dense in the square.
In our example each approximating curve, i.e., the boundary of S" less 7n+i, consists entirely of multiple points. If, as before, 2 is the set of nonalgebraic singularities of <p(z) on \z\ =1 and 2' is the complement of 2 with respect to \z\ =1, then the following is immediate. Let (u, v) be a point of the closed unit square; then (1) If neither « nor v is a dyadic rational, then (u, v) corresponds to exactly one point of 2.
(2) If exactly one of u, v is a dyadic rational, then (u, v) corresponds to a countable subset of 2' and either one or two points of 2, according to whether (u, v) is on the boundary of the unit square or inside.
(3) If both « and v are dyadic rationals, then (w, v) corresponds to a countable subset of 2' and either one, two, or four points of 2, according to whether (u, v) is a corner point, an inner point of a side, or an interior point of the unit square.
To sum up: // neither u nor v is a dyadic rational then (u, v) is a simple point of the curve w -tj>(eu); otherwise (u, v) is a point of countably infinite multiplicity.
This contrasts with the Peano curve of Salem and Zygmund where each point has multiplicity equal to the power of the continuum.
Finally, it is not difficult to show that by altering the squares in our example into appropriate rectangles and trimming them slightly, a function ■dj is obtained with the same properties as those we have deduced for <f>, except that the curve w = \p(eu) has nothing worse than triple points. That is, Peano curves obtained from holomorphic functions need be no worse, as regards multiple points, than others.
5. If/(z) is holomorphic in |z| <1 and its range is G, then clearly any limiting values of f(z) on |z| =1 must lie in G~. Any function F(z) with the properties stated in Theorem 1 may then be described as assuming as continuous boundary values all values compatible with the restriction mentioned. This naturally calls to mind Gross' [l ] entire function for which every complex number is an asymptotic value.
If f =p(w) maps the unit square onto the f-plane cut along a ray from 0 to oo, then p(<p(z)) =$(z) has the following property: $(z) is holomorphic in |z| <1, continuous in the spherical metric on \z\ SI, and 4>(e*') assumes every complex value, including =°.
6. Finally, it should be noted that our method may be used to prove more general results. For instance: let A be a compact subset of |«| SI, \v\ SI such that (1) A consists of a finite number of disjoint closed Jordan regions and a finite number of disjoint Jordan arcs, (2) A is connected, and (3) A contains the boundary of the unit square. Then there exists/(z), holomorphic in |z| <1, continuous in |z| SI, such that the range of f(z), \z\ <1, is exactly the open unit square and the range of f(eu), 0^t<2ir, is exactly A. And of course the natural question: does there exist a function /(z) with the properties stated if A is an arbitrary continuous curve contained in the closed unit square and containing the boundary of the unit square?
